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Abstract. We study the Jacobi-Trudi-type determinant which is conjectured 
to be the g-character of a certain, in many cases irreducible, finite-dimensional 
representation of the quantum affine algebra of type D„. Unlike the A„ and Bn 
cases, a simple application of the Gessel-Viennot path method does not yield an 
expression of the determinant by a positive sum over a set of tuples of paths. 
However, applying an additional involution and a deformation of paths, we obtain 
an expression by a positive sum over a set of tuples of paths, which is naturally 
translated into the one over a set of tableaux on a skew diagram. 

1. Introduction 

Let be the simple Lie algebra over C, and let g be the corresponding un- 
twisted affine Lie algebra. Let Uq{Q) be the quantum affine algebra, namely, 
the quantized universal enveloping algebra of g |DH [j] . In order to inves- 
tigate the finite-dimensional representations of Uq{Q) \D2\ ICPj . an injective 
ring homomorphism 

(1-1) Xg ■■ Rep Ugig) ^ nyi!'a]i=l,...,n;aeC^ , 

called the q-character of f7g(g), was introduced and studied in |FRH [FM] . 
where IlepUq{Q) is the Grothendieck ring of the category of the finite- 
dimensional representations of Uq{Q). The g-character contains the essential 
data of each representation V. So far, however, the explicit description of 
XgiV) is available only for a limited type of representations (e.g., the funda- 
mental representations) \FM.\ ICM] . and the description for general V is an 
open problem. See [Nj [H] for related results. 

In our previous work |NNlj . for g = An, Bn, Cn, and Dn, we conjec- 
ture that the g-characters of a certain family of, in many cases irreducible, 
finite-dimensional representations are given by the determinant form Xx/ii,a^ 
where X/fi is a skew diagram and a is a complex parameter. We call X\/^i,a 
the Jacobi-Trudi determinant. For An and Bn, this is a reinterpretation of 
the conjecture for the spectra of the transfer matrices of the vertex mod- 
els associated with the corresponding representations [BRl IKOS] . See also 
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|KS| for related results for Cn and Dn- Let us briefly summarize the result 
of [NNlj . Following the standard Gessel-Viennot method |GVj . we repre- 
sent the Jacobi-Trudi determinant by paths, and apply an involution for 
intersecting paths. For and B^, this immediately reproduces the known 
tableaux descriptions of Xx/ii,a by |BR1 IKOS] . Here, by tableaux description 
we mean an expression of X\/fi,a by a positive sum over a certain set of 
tableaux on A//i. For An, the relevant tableaux are nothing but the semis- 
tandard tableaux as the usual character for g = An- For Bn, the tableaux 
are given by the 'horizontal' and 'vertical' rules similar to the ones for the 
semistandard tableaux. In contrast, we find that the tableaux description 
of 

Xx/fj.,a fo'^ is not as simple as the former cases. The main difference 
is that a simple application of the Gessel-Viennot method does not yield an 
expression of X\/n,a by a positive sum. Nevertheless, in some special cases 
(i.e., a skew diagram A/// of at most two columns or of at most three rows), 
one can further work out the cancellation of the remaining negative contri- 
bution, and obtain a tableaux description of XA/^,a- Besides the horizontal 
and vertical rules, we have an additional rule, which we call the extra rule, 
due to the above process. 

In this paper, we consider the same problem for X\/fi,a for D^, where 
the situation is quite parallel to Cn- By extending the idea of |NNlj . we 
now successfully obtain a tableaux description of Xx/ii,a for ^ general skew 
diagram X/fi. The resulting tableaux description shows nice compatibility 
with the proposed algorithm to generate the (^-character by |FMj . and it 
is expected to be useful to study the g-characters further. We also hope 
that our tableaux will be useful to parameterize the much-awaited crystal 
basis for the Kirillov-Reshetikhin representations \KN\ IQSSj , where X/fj, is 
a rectangular shape. To support it, for a two-row rectangular diagram A//i, 
our tableaux agree with the ones for the proposed crystal graph by |SSj . 
Meanwhile, our tableau rule is rather different from the one for the non- 
quantum case |FKj due to the different nature of the determinant and the 
generating function. The method herein is also applicable to a general skew 
diagram X/fj, for C„, and it will be reported in a separate publication |NN2j . 

Now let us explain the organization and the main idea of the paper. 

In Section O following |NNlj . we define the Jacobi-Trudi determinant 
XA//t,a foi' ^n- The procedure to derive the tableaux description of Xx/tM,a 
consists of three steps. 

In Section [3] we do the first step. Here we apply the standard method by 
[GVj for the determinant X\/ii,a- Namely, first, we introduce lattice paths, 
and express Xx/ii,a as a sum over a set of /-tuples of paths p = {pi) with 
fixed end points. Secondly, we define the weight-preserving, sign-reversing 
involution ti (the first involution) so that for an intersecting tuple of paths 
p the contributions from p and ti{p) cancel each other in the sum. Unlike 
An and Bn, however, this involution cannot be defined on the entire set of 
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the intersecting tuples of paths, and the resulting expression for X\/ti,a (the 
first sum, Proposition 13. 2p still includes negative terms. 

In Section [4] we do the second step. Extending the idea of [NNlj for C„, 
we define another weight-preserving, sign-reversing involution L2 (the second 
involution). Then, the resulting expression (the second sum, Theorem 14. 13p 
no longer includes negative terms. However, the contribution from the tuples 
of paths with 'transposed' pairs still remains, and one cannot naturally 
translate such a tuple of paths into a tableau on the skew diagram X/ fi. 

In Sections [5] and m we do the last step. In Section O we claim the exis- 
tence of a weight-preserving deformation (p of the paths (the folding map), 
where 4> 'resolves' transposed pairs by folding. The resulting expression 
(the third sum. Theorem 15. 2p is now naturally translated into the tableaux 
description whose tableaux are determined by the horizontal, vertical, and 
extra rules (Theorems 15.61 and 15. 8p . The explicit list of the extra rule has 
wide variety, and examples are given for A//i with at most two columns or at 
most three rows. The construction of the folding map (p is the most technical 
part of the work. We provide the details in Section [6l 

We remark that while the explicit list of the extra rule for tableaux looks 
rather complicated and disordered, it is a simple and easily recognizable 
graphical rule in the path language. Therefore, the paths description (espe- 
cially, the third sum) may be as important as the tableaux description for 
applications. 

2. The Jacobi-Trudi determinant of type Dn 

In this section, we define the Jacobi-Trudi determinant X\/ii,a^ following 
[NNlj . See |NN1| for more information. 

A partition is a sequence of weakly decreasing non-negative integers A = 
(Ai, A2, . . . ) with finitely many non-zero terms Ai > A2 > • • • > A; > 0. The 
length /(A) of A is the number of the non-zero integers. The conjugate of A 
is denoted by A' = (A'^^, A2, . . . ). As usual, we identify a partition A with a 
Young diagram A = {{i,j) G | 1 < j < Aj}, and also identify a pair of 
partitions such that Aj > fXi for any i, with a skew diagram \/ ^ = {(i,j) G 
N2 I + 1 < j < Xi). 

Let 

(2.1) / = {l,2,...,n,n,...,2,T}. 

Let Z be the commutative ring over Z generated by Zj^a's, i G /, a G C, with 
the following generating relations: 

(2.2) Zj,a^i^a_2n+2i ~ ^«-l:«^j^,a-2n+2i (^ = 1, • • • ^n), ZQ^a = 2^o,a ~ 

Let be the formal power series ring over Z with variable X. Let A 

be the non- commutative ring generated by Z and Z[[X]] with relations 

XZi^a = Zi^a-2X, i G /, a G C. 
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For any a G C, we define Ea{z,X), Ha{z,X) £ A as 
(2.3) 

Ea{z,X):={ f[ {l + Zk,aX)}{l-Zn,aXZn,aXr'{ HCl + ^fc,,^)}, 

l<k<n l<k<n 

(2.4) 

Ha{z,X):={ l[{l-ZT:^^Xy^}{l-Zn,aXZn,aX){ (1 - Zfc^.X)"! } , 

l<fc<n l<fc<n 

where ni<fc<n^fe = Ai . . . An and J] i<k<n^k — ■ ■ ■ ^1- Then we have 

(2.5) Ha{z,X)Ea{z,-X) = Ea{z,-X)Ha{z,X) = l. 
For any i £ Z and a G C, we define Cj^a, hi^a £ Z as 

oo oo 
Ea{z, X)=Y^ ei^aX\ Ha{z, X) = ^ haX\ 

i=0 i=0 

with ei^a = hi^a = for i < 0. 

Due to relation ([231), we have [Ml Eq. (2.9)] 

(2.6) det{hx^^^.^i+j^a+2{Xi~i))l<i,j<l = ^'^^i^\'i-fi'j-i+j,a-2{fi'.-j+l))l<i,j<l' 

for any pair of partitions (A, /i), where / and /' are any non-negative integers 
such that / > l{X),l{fi) and I' > l{X'),l{ii'). For any skew diagram X/n, 
let 

Xx/fi,a denote the determinant on the left- or right-hand side of (j2.6p . 
We call it the Jacobi-Trudi determinant associated with the quantum affine 
algebra [/^(g) of type Dn- 

Let d{X/fi) := max{A- — fi'j] be the depth of X/fi. We conjecture that, if 
d{X/fi) < n, the determinant X\/n,a is the q-character for a certain finite- 
dimensional representations V of quantum affine algebras. We further ex- 
pect that Xx/ii,a is the g-character for an irreducible V, if d{X/fi) < n — 1 
and X/n is connected [NNlj . 

Remark 2.1. The above conjecture and the ones for types i?„ and C„ in 
[NNlj tell that the irreducible character of Ug{Q), corresponding to a con- 
nected skew diagram, is always expressed by the same determinant (j2.6p 
regardless of the type of the algebra. This is a remarkable contrast to the 
non-quantum case |KTj . For example, the tensor product of two first funda- 
mental modules of g has two irreducible submodules for type An and three 
ones for type C„, or Dn- On the other hand, under the appropriate 
choice of the values for the spectral parameters, the tensor product of two 
first fundamental representations of Uq{Q) has exactly two irreducible sub- 
quotients, one of which corresponds to two-by-one rectangular diagram and 
the other of which corresponds to one-by-two rectangular diagram, regard- 
less of the type of the algebra. In fact, this is the simplest example of the 
conjecture. 
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Figure 1 . An example of a path of type Dn and its e-labeling. 



3. GeSSEL-ViENNOT PATHS AND THE FIRST INVOLUTION 

Following |NN1| . let us apply the method by [GVj to the determinant 
X\/fi,a ill (|2.6p and the generating function Ea{z,X) in (j2.3p . 

Consider the lattice and rotate it by 45° as in Figured) An E-step s 
is a step between two points in the lattice of length \/2 in east direction. 
Similarly, an NE-step (resp. an NW-step) is a step between two points in 
the lattice of unit length in northeast direction (resp. northwest direction). 
For any point (x, y) S ffi^, we define the height as ht(x, y) := x + y, and the 
horizontal position as hp(x,?/) := ^{x — y). Due to (12. Sp . we define a path 
p (of type Dn) as a sequence of consecutive steps (si, S2; • • • ) which satisfies 
the following conditions: 

(1) It starts from a point u at height —n and ends at a point v at height 
n. 

(2) Each step Sj is an NE-, NW-, or E-step. 

(3) The E-steps occur only at height 0, and the number of E-steps is 
even. 

We also write p as u ^ v. See Figured] for an example. 
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(3.1) 



Let V be the set of all paths of type D„. For any p G V, set 
E{p) '■= {s £ p \ s is an NE- or E-step}, 
Eoip) := {s G p I s is an E-step} C E{p). 

If Eq{p) = {sj, Sj+i, Sj+2k-i}, then let 

EoiP) ■= {Si+l,5j+3, • • • ,Sj+2fc-l} C Eq{p). 

Fix a G C. The e-labeling (of type Dn) associated with a for a path p £ V 
is the pair of maps La = (L^, L^) on -E'(p) defined as follows: Suppose that 
a step s G -E'(p) starts at a point to = {x,y), and let m := ]it{w). Then, we 
set 



(3.2) 



n + 1 + m, if m < 0, 

n, if m = and s G Eq{p), 



n — m. 



otherwise, 



L^(s) = a — 2x. 



See Figure [H 

Now we define the weight of p £ V as 



z 



By the definition of Ea{z,X) in (j2.3p . for any k £ Z, we have 

(3-3) er,a-2fc(2) = 



where the sum runs over all p £V such that {k, —n — k) {k + r,n — k — r). 

For any /-tuples of distinct points u = {ui, . . . ,ui) of height —n and 
V = {vi, . . . ,vi) oi height n, and any permutation a G let 

^{a;u,v) := {p = {pi, . . . ,pi) \pi£V, Ui ^ v^(^i) for i = 1, . . . ,/}, 
and set 

^{u,v) := y ^i{a;u,v). 

We define the weight Za and the sign (—1)^ of p G ^{u, v) as 
I 



(3.4) 



z: 



V ■- 



n 

i=l 



Pi 



( — l)^:=sgn(T if p G ^(cj; n, t)). 



For any skew diagram A/^, set / = Ai, and 

:= (ui, . . . ,ui), Ui := (n'i + I - i, -n - fi'i - 1 + i), 
v\ ■■= {vi, vi), Vi := {X'i + 1 - i,n - \'i - 1 + i). 
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Then, due to (13. 3p . the determinant p. 61) can be written as 

(3.5) XA/M,a= E (-1)'^- 

In the A„ case, one can define a natural weight-preserving, sign-reversing 
involution on the set of all the tuples p which have some intersecting pair 
{PiiPj)- However, this does not hold for because of Condition ([3]) of the 
definition of a path of type Dn- Therefore, as in the cases of types Bn and 
Cn [NNlj . we introduce the following notion: 

Definition 3.1. We say that an intersecting pair {pi,Pj) of paths is specially 
intersecting if it satisfies the following conditions: 

(1) The intersection oi pi and pj occurs only at height 0. 

(2) pi{0) — Pj{0) is odd, where Pi{0) is the horizontal position of the 
leftmost point on pi at height 0. 

Otherwise, we say that an intersecting pair {pi,Pj) is ordinarily intersecting. 

As in the cases of types Bn and Cn |NN1| . we can define a weight- 
preserving, sign-reversing involution ti on the set of all the tuples p G 
V{Ufj^,vx) which have some ordinarily intersecting pair {pi,Pj)- Therefore, 
we have 

Proposition 3.2. For any skew diagram A//i, 

(3.6) XAMa= E (-1)'^- 

where Pi{X/fi) is the set of all p G ^{Ufj_,vx) which do not have any ordi- 
narily intersecting pair {pi,Pj) of paths. 

For Bn, the sum (j3.6p is a positive sum because no p G Pi{X/fi) has a 
'transposed' pair {pi,Pj). But, this is not so for C„ and Dn- 

4. The second involution 

In this section, we define another weight-preserving involution, the second 
involution. This is defined by using the paths deformations called expansion 
and folding. As a result, the second involution cancels all the negative 
contributions in (j3.6p . and we obtain an expression by a positive sum, see 

(BH). 

4.1. Expansion and folding. Let 

S+ := {{x,y) G I < ht(x,y) < n}, 
:= {{x,y) G I -n < ht(x,y) < 0}. 
For any w = {x, y) G 5+, define w* G 5_ by 

w* := {-y -I- 1, -X - 1). 
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Then we have h.t{w*) = —ht{'w), ]ip{w*) = hp{w) + 1. Conversely, we define 
(w*)* = w, and we call the correspondence 

(4.1) S+ ^ S-., w ^ w* 
the dual map. 

Definition 4.1. A lower path a (of type Dn) is a sequence of consecutive 
steps in S- which starts at a point of height —n and ends at a point of height 
0, and each step is an NE- or NW-step. Similarly, an upper path (3 (of type 
Dn) is a sequence of consecutive steps in S+ which starts at a point of height 
and ends at a point of height n, and each step is an NE- or NW-step. 

For any lower path a and an upper path f3, let a(r) and f3{r) be the 
horizontal positions of a and f3 at height r, respectively. We define an upper 
path a* and a lower path /?* by 

a*{r) = a{-r) -1, (3*{-r) = p{r) + 1, (0 < r < n) 

and call them the duals of a, (3. 
Let 

(a;/3) := (ai, . . . , a/; . . . , A) 
be a pair of an /-tuple a of lower paths and an /-tuple (3 of upper paths. 
We say that (a; (3) is noninter seating if (ctj, Uj) is not intersecting, and so is 

{f3i,f3j) for any 

From now on, let X/fihe a, skew diagram, and we set / = Ai. Let 

{{a; (3) is nonintersecting, 
(a;/?) = (ai,...,a;;/3i,...,A) ai{-n) = ^ + + I - i, \. 
(3^{n) = -^ + \[ + l-i ) 

For any skew diagram A//x, we call the following condition the positivity 
condition: 

(4.2) A:+i-/i:<n, i = l,...,l-l. 

We call this the 'positivity condition', because (14. 2p guarantees that X\/^i,a 
is a positive sum (see Theorem 14. 13p . By the definition, we have 

Lemma 4.2. Let \/ jJL he a skew diagram satisfying the positivity condition 
([O]) . and let [a; (3) G n{X/fi). Then, 

(4.3) A+i(n) < a*{n), ^*+i{-n) < ai{-n). 

A unit U C S± is either a unit square with its vertices on the lattice, or 
half of a unit square with its vertices on the lattice and the diagonal line on 
the boundary of S±. See Figure [2] for examples. The height h.t(U) of U is 
given by the height of the left vertex of U. 

Definition 4.3. Let (a; /?) e W(A/^). For any unit U C S±, let ±r = ht([/) 
and let a and a' = a -|- 1 be the horizontal positions of the left and the right 
vertices of U. Then, 
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Figure 2. Examples of units. 



(1) U is called a l-unit of {a; (3) if there exists some i (0 < i < /) such 
that 



(4.4) 



a*{r) <a<a' < A+i(r), if [/ C S+, 
ai{-r) <a<a' < /3*+i(-r), 



if [/ C 5_. 



(2) U is called a 11-unit of (a; /3) if there exists some i (0 < i < /) such 
that 



(4.5) 



Pi+iir) <a<a' < a*{r), if U C S+, 
/3*+i(-r) <a<a' < ai{-r), ifU C S- 



Here, we set /3;_|_i(r) = (3l_^_-^{—r) = — oo and ao{—r) = aQ{r) = +oo. Fur- 
thermore, a Il-unit U of (a; /3) is called a boundary Il-unit if (j4.5p holds for 
i = 0, Z, or r = ?i. 

For a I-unit, actually ()4.4p does not hold for i = 0,1. Also, it does not 
hold for r = n if A/// satisfies the positivity condition (j4.2p . by Lemma l4.2[ 

The dita/ U* of a unit [/ is its image by the dual map (j4.ip . Let [/ and 
U' be units. If the left or the right vertex of U is also a vertex of U', then 
we say that U and U' are adjacent and write U oU'. It immediately follows 
from the definition that 

Lemma 4.4. (i) ^ unit U is a l-unit (resp. a 11-unit) if and only if the 
dual U* is a l-unit (resp. a 11-unit). 

(2) No unit is simultaneously a I- and 11-unit. 

(3) If U is a l-unit and U' is a 11-unit, then U and U' are not adjacent. 

Fix (a;/?) G 7i{X/fi). Let Ui be the set of all I-units of (a;/3), and let 
^i ■= Uc/eWi ■^here the union is taken for [/ as a subset of 5+ U 5_. Let 
~ be the equivalence relation in Ui generated by the relation o, and [U] be 
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uq as 04 as 0L2 OL\ 



Figure 3. The undotted lines represent a^'s and /3i's while 
the dotted lines represent their duals, a*'s and /?*'s. The 
shaded area represents a I-region Y . 

its equivalence class of C/ ^U\. We call Uc/'e[c/] ^' ^ connected component of 
Ui. For Il-units, Uu, lAu and its connected component are defined similarly. 

Definition 4.5. Let \/ (i be a skew diagram satisfying the positivity condi- 
tion (1121), and let (a;/3) e H{\/ix). 

(1) A connected component V of lii is called a 1-region of (a;/5) if it 
contains at least one I-unit of height 0. 

(2) A connected component V of Un is called a ll-region of (a; /3) if it 
satisfies the following conditions: 

(i) V contains at least one Il-unit of height 0. 

(ii) V does not contain any boundary II- unit. 

See Figure [3] for an example. 

Proposition 4.6. If V is a I- or ll-region, then V* = V , where for a union 
of units V = \jUi, we define V* = \J U*. 

Proof. We remark that if two units are adjacent, then their duals are also 
adjacent. It follows that, for any I-unit U C V , U ^ Uq o Uq ^ U* holds, 
where Uq is any I-unit U C V oi height 0. Therefore, U* C V. □ 

For any (a; (3) G 7i{X/fj,), let V be any I- or Il-region of (a; 13). Let a- be 
the lower path obtained from Ui by replacing the part aiCiV with /3*_,_^ n V, 
and let (3^ be the upper path obtained from f3i by replacing the part PiCiV 
with a*_]^ n V. Set ev{a; (3) := {a[, . . . ,a[; P[, . . . , (3[). See Figure H for an 
example. 

Proposition 4.7. Let A//U he a skew diagram satisfying the positivity con- 
dition ()4.2p . Then, for any (a; /3) G 7i{\/fj,), we have 
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Figure 4. The tuple {a'; (3') := ey(a;/3) for (a;/?) with re- 
spect to V in Figure EJ 

('ij For any I- orW-regionV of{a;f3), ey(a;/3) G'H(A//i). 
('^j For any l-region V of (a;/3), ^ is a ll-region o/ey(a;/3). 
('^j For any ll-region V of {a;j3), V is a l-region of ey{a] (3). 

Proof. We give a proof when V \s a, I-region. 

([1]) Set (a';/?') := ev{a;(3). First, since 1/ does not contain any unit of 
height ±n, we have a[{—n) = ai{—n) = | + /x^ + l — i and (3'^{n) = (3i{n) = 
^ + A- + 1 — z. Secondly, let us prove that {a']j3') is nonintersecting. Suppose, 
for example, if {a[,a[j^i) is intersecting at a point w, then it implies that 
(ai,/3f+2) is intersecting at w. Set — r = lit{w). Since aj(— r) = /9j*+2(— < 
/3*^_]^(— r), the unit U <^ V whose left vertex is t« is a I-unit. On the other 
hand, the unit U' whose right vertex is w is in V . This contradicts to the 
fact that y is a connected component of Ui. 

([2]) It is obvious that a unit in y is a Il-unit of (a'; /?'), and U ^ U' for 
any two units U,U' C V . Assume that there exist some II- unit U" <^ V of 
(a'; P') which is adjacent to some U C V. Since U" is a Il-unit of (a; /?) and 
U is a I-unit of (a;/?), it contradicts to Lemma 14.41 ([3]). Therefore, y is a 
connected component of the II- units of (a'; /?'). □ 

We call the correspondence (a;/?) i— > £y(a;(3) the expansion (resp. the 
folding) with respect to V, if F is a l-region (resp. a Il-region) of (a; (3). We 
remark that ey o ey = id for any I- or Il-region V. 

Remark 4.8. The expansion and the folding are decomposed into a series of 
deformations of paths along each unit in V. See Figure [5j This is a key fact 
in the proof of the weight-preserving property of the maps 62 in Section 14.21 
and (f) in Section [6j 
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Figure 5. An example of a procedure of the expansion 
{a; (3) I— > evia;P) with respect to a I-region V at a pair 
(ai,/3j+i), by each unit. 



4.2. The second involution and an expression of Xx/n,a by a positive 

sum. Prom now, we assume that Xf/j, satisfies the positivity condition (j4.2p . 

Let p G Pi(A//i), and let pi{±n) be the horizontal position of at height 
ibn. Then pi{—n) < pj{—n) for any i < j. We call a pair {pi,Pj), i < j 
transposed if Pi{n) > Pj{n). 

For each p G Pi{X/fj.), one can uniquely associate {a; 13) G 7i{X/fi) by 
removing all the E-steps from p. We write 7r(p) for (a; A I- or Il-region 
of (a; P) = it{p) is also called a I- or ll-region of p. 

Let p G Pi(A//i) and (a;/?) = vr(p). If h := Qi(0) — /3j+i(0) is a non- 
positive number (resp. a positive number), then we call a pair (aj,/3j+i) an 
overlap (resp. a hole). Furthermore, if h is an even number (resp. an odd 
number), then we say that (oj, /3j+i) is even (resp. odd). Using that no triple 
{ViiPjiPk) exists for p G Pi{X/fj,) which is intersecting at a point, we have 

Lemma 4.9. Let {a; P) = tt{p) for p G Pi(A//u). Then, for any i, 

(1) (Q;i,/3i+i) is an odd overlap if and only if{pi,Pj) is a specially inter- 
secting, non-transposed pair for some j > i. 

(2) (aj,/3j+i) is an even overlap if and only if {pi,Pj) is a transposed 
pair for some j > i. 

(3) (aj,/3j+i) is a hole if and only if {pi,Pj) is not intersecting for any 
j > i. 

Let p G Pi(A//.f), {a; (3) = Tr{p), and V he a I- or ILregion of p. Then, 
there exists p' G Pi{X/fi) such that 

ev{a;(3) = 7r{p'). 

It is constructed from p as follows, which is well-defined by Lemma 14.91 

A. The case of a l-region V. For any i, replace (oj, /?j+i) in p with {a[, f3^_^_l). 
Furthermore, for any i such that (aj,/3j_|_i) is an overlap and intersects 
with V at height 0, remove the E-steps between f3^_^_l{0) and O([{0). See 
Figure [H 
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(a) (aj,/3j+i): an even overlap (b) (oj, an odd overlap 




n n . n n n n ttX n n n 




ev{p) ev(j>') 





i): an even hole 



{oi[, j3[,i): an odd hole 



Figure 6. The deformation sy : p p' with respect to a 
I-region V p and a Il-region V of p' . 

B. The case of a 11-region V. This is the reverse operation of Case [XI 
Namely, for any i, replace (ctj, /Sj+i) in p with [a'^, (3'^^-^^). Furthermore, 
for any i such that (ai,/3j+i) is a hole and intersects with V at height 0, 
then add the E-steps between ]^(0) and a^(0) as in Figure [6] (a) (for 
an even hole) and Figure [6] (b) (for an odd hole) wherein {a,,, 
and Pl^i,p[,p'j^} are interchanged. 

We call the correspondence p ^ p' the expansion (resp. the folding) of p 
with respect to a I-region (resp. a Il-region) V , and write £v{p) '■= p' ■ 

For any I-region V (resp. Il-region y) of p € Pi(A//u) with (a; (3) = vr(p), 
we set 



(4.6) n{V) := 



(aj,/3i+i) is an even overlap (resp. an even hole) 
which intersects with V at height 



Let y be a I- or Il-region of p G Pi{\/ n). By Lemma HTOl niV) is equal to 
the number of the transposed pairs {pi,Pj) in p which intersect with V at 
height 0. Moreover, since the expansion (resp. the folding) p i— > £vip) is a 
deformation that 'resolves' all the transposed pairs (resp. transposes all the 
even holes) in p which intersect with V at height 0, we have 



Lemma 4.10. Let p £ Pi{X/fj,) and V be al- or Il-region of p. Then, 
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Definition 4.11. We say that a I- or Il-region V is even (resp. odd) if n{V) 
is even (resp. odd). 

Let Poddi^/l^) be the set of all p G Pi{X/ fi) which have at least one odd 
I- or Il-region of p. We can define an involution 

1^2 ■■ -Podd(A//i) i^odd(A//i) 

as follows: Let V be the unique odd I- or H-region of p e -Poddl-^/^) such 
that the value max{hp(w) \ w G V, h.t(w) = 0} is greatest among all the 
odd 1- or Il-regions of p, and set L2{p) = £v{p)- Then we have 

Proposition 4.12. The map i2 ■ Poddi^/f^) ~^ Poddi^/l-'') is a weight- 
preserving, sign-reversing involution. 

Proof. The map i2 is an involution because ey o £v = id, and sign-reversing 
by Lemma 14.101 We prove that z-2 is weight-preserving in the case where 
p p' := i2{p) is an expansion with respect to a Lregion V of p. Let 
{a; (3) = 7r(p), and we decompose the weights Za and Za in (|3.4p into two 
parts as Za = HE and Za = H'E' where H and H' are the factors from 
the e-labeling on (a;/3) and (a';/?'), while E and E' are the ones from the 
e-labeling on the height part (the E-steps) of p and p' . By Remark 14. 8| 
we have H' = H5, where 

6:= n -^(f^)' 

UCV: unit 

and, for any unit U C V in S± of height ibr with left vertex {x,y), 

^n^,a~2x/ ^n-r+l,a-2x^ if r / and [/ C 5+, 
Zn-r,a~2x/Zn~r+l,a-2x, if r / and U C S^, 

Zn,a-2x, if r = and U C S+, 

Zn,a-2x, if r = and U C S^. 

Using the relations in (j2.2p . we have 6{U) •5(C/*) = 1 for any U whose height 
is not 0. Therefore, combining 6{U) for all the Lunits in V, we obtain 

l~l /ft+i(0)-l /3*+i{0)"l 

^ = n ^^^'> ^ n n ^n,a-2k JJ Zn,a-2k 

(7cy:unit i=l \ k=a*{0) fc=Oi(0) 

ht({/)=0 

See Figure m On the other hand, we have E' = E5~^, and therefore, we 
obtain Za'^^^ = H'E' = HE = zl. □ 

It follows from Proposition 14.12] that the contributions of Podd('^/M) to 
the sum (|3.6|) cancel each other. 

Let P2(A//i) := Pi(A//i)\Podd('^/^), i-e., the set of all p G Pi{X/fi) which 
satisfy the following conditions: 

(i) p does not have any ordinarily intersecting pair {pi,Pj). 

(ii) p does not have any odd 1- or H-region. 



6{U) 
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Every p G P2(A//u) has an even number of transposed pairs, which impUes 
that (—1)^ = 1. Thus, the sum (13. 6p reduces to a positive sum, and we have 

Theorem 4.13. For any skew diagram A//i satisfying the positivity condi- 
tion (14. 2p . we have 

(4.7) XA/M,a = Yl 

pgP2(A^) 

5. The folding map and a tableaux description 

In this section, we give a tableaux description of Xx/ii,a- Namely, the sum 
(j4.7p is translated into the one over a set of the tableaux of shape X/fi which 
satisfy certain conditions called the horizontal, vertical, and extra rules. 

5.1. The folding map. Since a path p € P2{\l jj) in (j4.7p might have (an 
even number of) transposed pairs {pi,Pj), the sum (|4.7p cannot be translated 
into a tableaux description yet. Therefore, we introduce another set of paths 
as follows. 

Let P{X/fi) be the set of all p = (pi, . . . ,pi) G *P(id; n^, va) such that 

(i) p does not have any ordinarily intersecting adjacent pair {pi,pi^i). 

(ii) p does not have any odd Il-region. 

Here, an odd Il-region of p G P{\/ ^) is defined in the same way as that of 
p G Pi{X/fi). The following fact is not so trivial. 

Proposition 5.1. There exists a weight-preserving bijection 

ct> : P2(A//i) ^ P{\/ii). 

The map (j) is called the folding map. Roughly speaking, it is an iterated 
application of (some generalization of) the folding in Section SI The con- 
struction of (j) is the most technical part of the paper. We provide the details 
in Section [6l Admitting Proposition 15. H we immediately have 

Theorem 5.2. For any skew diagram X/fi satisfying the positivity condition 
(f42]) . we have 

(5-1) xx/^^,a = 4- 

peP(A/M) 

5.2. Tableaux description. Define a partial order in / in (j2.ip by 

n — — 

l-<2^---^n-l^_^n-l-<----<2-<l. 

n 

A tableau T of shape X/fi is the skew diagram A/// with each box filled 
by one entry of /. For a tableau T and a G C, we define the weight of T as 

zl = JJ ZT(i,j),a+2{j-i), 
(ij)GA/At 

where T{i,j) is the entry of T at (i, j). 
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Definition 5.3. A tableau T (of shape A//i) is called an YiN -tableau if it 
satisfies the following conditions: 

(H) horizontal rule T{i,j) < T{i,j + 1) or {T{i,j),T{i,j + 1)) = (n,n). 

(V) vertical rule T{i, j) ^ T{i + 1, j). 

We denote the set of all HV-tableaux of shape A//.f by TabHv(A//i). 

Remark 5.4. The configuration {T{i,j),T{i,j + 1)) = {n,n) is prohibited 
later by another rule. See Remark 15. Ill 

Let PHv(A//i) be the set of all p £ ^{id; Ufj_,vx) which do not have any 
ordinarily intersecting adjacent pair {pi,pi+i). With any p G P^y{X/ fi), we 
associate a tableau T of shape X/fi as follows: For any j = 1,...,/, let 
E{pj) = {sj^, Sjj) ■ ■ ■ ) •Si™,} {ii < 12 < ■ ■ ■ < im) be the set defined as in (j3.ip . 
and set 

T{fi'j + k,j) = Ll{si^), k = l,...,m, 

where is the first component of the e-labeling (j3.2p . It is easy to see that 
T satisfies the vertical rule (V) because of the definition of the e-labeling 
of pj, and satisfies the horizontal rule (H) because p does not have any 
ordinarily intersecting adjacent pair. Therefore, if we set %, : p T, we 
have 

Proposition 5.5. The map 

% : Phv(A//x) ^TabH^(A//i) 
is a weight-preserving bijection. 

Let Tab(A/^) := %,{P{X/ fi)). In other words, Tab(A//i) is the set of all 
the tableaux T which satisfy (H), (V), and the following extra rule: 

(E) The corresponding p = T~^{T) does not have any odd Il-region. 

By Theorem 15.21 and Proposition 15.51 we obtain a tableaux description of 
X\/ii,a^ which is the main result of the paper. 

Theorem 5.6. For any skew diagram X/fi satisfying the positivity condition 
(j4.2p . we have 

ET 
■ 

TeTab(A//i) 

5.3. Extra rule in terms of tableau. It is straightforward to translate 
the extra rule (E) into tableau language. We only give the result here. 

Fix an HV-tableau T. For any ai,...,am S /, let C(ai,...,Om) be a 
configuration in T as follows: 

Ol 
02 



(5.2) 




Figure 7. An example of adjacent paths {pj,pj^i) such that 
a part of it corresponds to an LU-configuration of type 1 as 
in (lOD . 



If 1 ^ oi -< • • • -< Urn ^ n, then we call it an L- configuration. If n ^ ai -< 
• • • -< am ^ 1, then we call it a U- configuration. Note that an L-configuration 
corresponds to a part of a lower path, while a U-configuration corresponds 
to a part of an upper path under the map 7^. 

Let (L, U) be a pair of an L-configuration L = C{ai, . . . ,as) in the jth 
column and a U-configuration U = C(bt, . . . ,bi) in the (j -|- l)th column. 
We call it an LU-configuration of T if it satisfies one of the following two 
conditions: 

Condition 1. LU-configuration of type 1. {L,U) has the form 



(5.3) 



ai 



n-k+l 
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height 




n 



-n-k + 1 



^ n — k' 







n + k' 



- —n + k — 1 



n 



Figure 8. An example of adjacent paths {pj,pj^i) such that 
a part of it corresponds to an LU-configuration of type 2 as 
in g . 



for some k and r with 1 < k < n, 1 < r < min{s, t},n— k+l = s + t — r, 
and 

(5.4) ai = k, bi = k, 

(5.5) a ^ n if a exists, 6 ^ n if 6 exists, 



where a'l ~< • • • ~< a'^, {s' := t — r) and b'^ ^ • • • ^ (t' := s — r) are defined 
as 



(5.6) 



ai+i ^b'i, (1 < i < t') 



bi+i >z a'- 



{l<i< s'), 



(5.7) 



{ai, . . . ,aj U {a[, . . .,a^,} = {k, k + 1, . . . ,n} 



6a U {&;,... , b'^,} = {k,k + l,...,n}. 



See Figure [7] for the corresponding part in the paths. In particular, if r is 
odd, then we say that (L, U) is odd. 
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Condition 2. LU- configuration of type 2. {L,U) has the form 



ai 



(5.8) 



n-k+l 



for some k and k' with l<k<k'<n, n — k + l = n — k' + s + t, and 



(5.9) oi = A;, bi = k, a'^, = k' , b'^, = k', 

(5.10) Oi+i ^b[, (1 < i < s), 



a 2< A:', 6 ^ k', 



bi+i ha'., {l<i< t), 
where a'^^ -< • • • -< a'^, (s' := t) and fe'^^ -< • • • -< 6[, (t' := s) are defined by 



(5.11) 



{ai, . . . , U {a'l, . . . , a'^,} = {A;, + 1, . . . , A;'}, 
{67, . . . , M U . . . , 6^} = {fc,¥TT, . . . ,F}. 



See Figure [8] for the corresponding part in the paths. 

We say that an L-configuration L = C{ai, . . . ,am) in the j'th column of 
T is boundary if oi = T{fi'j + 1, j), i.e., if oi is at the top of the jth column, 
and m is the largest number such that L n L' = for any LC/-configuration 
{L' , U'). Similarly, a [/-configuration U = C(ai, . . . , am) in the jth column 
of T is boundary if Om = T{\'j,j), i.e., if Om is at the bottom of the jth 
column, and m is the largest number such that U OU' = for any LU- 
configuration (L', U'). 

Let {L,U) = {C{ai, . . . ,as),C{bt, ■ . . ,bi)) be an LU-configuration, and 
set a[ -< ••• -< a'g, and b[ -< ■■■ -< b[, as in (j5.7p (resp. as in ()5.1ip ) if 
(L, U) is of type 1 (resp. of type 2). We say that an L-configuration L' is 
right- adjacent to (L, U) if L' is in the right-next column to L; furthermore, 
there exists some pair of an entry e of L' and an entry Oj of L such that e 
is right-next to and e -< 6-. Similarly, we say that a U-configuration U' 
is left-adjacent to (L, [/) if [/' is in the left-next column to [/; furthermore, 
there exists some pair of an entry e of U' and an entry bi of U such that e 
is left-next to bi and e>- a[. Then, we say that an LU-configuration (L', U') 
is adjacent to (L, [/) if one of the following conditions is satisfied, and write 
itby (L,C/)o(L',C/0: 

(i) L' is right- adjacent to (L, U). 

(ii) L is right-adjacent to {L',U'). 

(iii) [/' is left-adjacent to {L,U). 

(iv) U is left-adjacent to {L',U'). 
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For any tableau T, let CU{T) be the set of all LU-configurations of T. 
Then, the adjacent relation o of the LU-configurations generates an equiva- 
lence relation ^ in CU{T). 

Definition 5.7. For any (L, [/) e £U{T), let [(L, [/)] C CU{T) be the 
equivalence class of (L, U) with respect to ~, and let R = R{L, U) := 
U(L' U')e[{L c/)](-^'' corresponding configuration in T. We call R a 

11-region of T, if the following conditions is satisfied: 

(1) No boundary L-configuration L is right- adjacent to L' for any LU- 
configuration (L', i7') in i?. 

(2) No boundary U-configuration U is left-adjacent to U' for any LU- 
configuration (L' , U') in R. 

Moreover, we say that R is odd if the number of the odd type 1 LU- 
configurations in R is odd. 

Then, an odd Il-region of T = %r{p) corresponds to an odd H-region of 
p, and therefore. Theorem 15.61 is rewritten as follows: 

Theorem 5.8. For any skew diagram X/fj, satisfying the positivity condition 
(jOj) . we have 

TGTab{A//i) 

where Tab(A//u) is the set of all the tableaux of shape \/ p, which satisfy (H), 
(V), and the following extra rule (E').' 

(E') T does not have any odd 11-region. 

5.4. Explicit list of odd Il-regions. Let us give an explicit list of all the 
possible odd H-regions for A/^ of at most two columns or of at most three 
rows. 

Example 5.9. Let X/^i be a skew diagram of two columns satisfying the 
positivity condition (j4.2p . In this case, an odd H-region of T G TabHv(A//i) 
is nothing but an odd type 1 LU-configuration without any boundary L- 
configuration L which is right-adjacent to it, or any boundary U-configuration 
U which is left-adjacent to it. Therefore, the extra rule (E') is given as fol- 
lows: 

(E-2C) T does not include any odd type 1 LU-configuration as 
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odd type 1 
LU-configurations 

(a ^ n, 6 ^ n) 



n-1 


b 


71 




n-1 



n-1 


n 


a 




n-1 



n-2 


n 


a 




n-1 




n-2 



n-2 


b 


n-1 




n-1 


a 




n-2 



n-2 




n-1 


n 


a 




n-2 



n-2 


b 


n 




n-1 






n-2 



n-2 




n-1 


n 




n-2 



n-2 


n 


n-1 




n-1 


n 




n-2 



other 
LU-configurations 
(a ^ n, 6 ^ n, 

a' y n - 1, b' ^ n-1) 



n-1 


n 


n 




n-1 



n-1 


b 


a 




n-1 



n-2 


n 


n-1 




n-1 


a 




n-2 



n-2 


n 


n 




n-1 






n-2 



n-2 


b 


n-1 




n— 1 


n 




n-2 



n-2 




n-1 


n 


n 




n-2 



n-2 


6 


a 




n-1 




n-2 



n-2 


b 


n-1 


a 




n-2 



n-2 



n-2 



Table 1. Tlie LU-configurations in a tableau in Tab(A//x) 
for a skew diagram X/^i of at most three rows. We omit a 
and b if the inequaUties are satisfied by the vertical rule (V). 



oi 



Cl 



bt 



n-k+l 



di \bi 

where, \it' = t — r> 1, then Cf ^ n and q ^ b[ for any z = 1, . . . , t', and if 
s' = s — r > 1, then d^/ ^ n and ^ a- for any i = 1, . . . , s'. 

Example 5.10. Let A be a Young diagram of one row. In this case, the 



odd H-region of T E TabHv(A) is the configuration 
the extra rule (E') is given as follows: 







n 


n 



, and therefore. 



(E-IR) T does not include 







n 


n 



is an odd H-region of T G Tahnv {X/ fJ-)- 









since 


n 


n 



22 



W. NAKAI AND T. NAKANISHI 



Example 5.12. Let A//i be a skew diagram of two rows, i.e., A'^ = 2. 
Since an odd Il-region of T G TabnvK'^/^) is a combination of the LU- 
configurations of at most two rows in Table [T] with one odd type 1 LU- 
configuration. Therefore, the extra rule (E') is given by (E-IR) and the 
following condition: 

(E-2R) T does not include 



n-l 



n— 1 n—1 n—1 



n n—1 



n—1 n—1 n—1 



n-l 


n—1 n—1 


n-l 


n 


n 








n—1 n—1 n—1 


n-l 



where j >0. 

This rule appears for the proposed crystals of the representations of two- 
row rectangle |SS| . 

Example 5.13. Let X/fi be a skew diagram of three rows, i.e., A'^ = 3. 
Since an odd Il-region of T € TabHv(A/^) is a combination of the LU- 
configurations of at most three rows in Tabled] with one or three odd type 
1 LU-configurations, the extra rule (E') for a tableau T G TabHv(A/^) is 
given by (E-IR), (E-2R), and the following condition: 

(E-3R) T does not include 
(5.12) 

/ J2 N / j:i x / ji \ / is \ 



31 ■ 



n—1 n—1 n—1 



n—2 n—2 n—2 
n—1 n—1 n—1 



n—1 n—1 n—1 



n—2 n—2 n—2 



n—2 n—2 n—2 



n-2 



n—2 n—2 n—2 



n n—1 



n—2 n—2 n—2 



n-2 



n—1 n—1 n—1 



n—1 n—1 n—1 
n—2 n—2 n—2 



n—1 n—1 n—1 

K ■ — : 



-J4 



where ji > 0, ji = if j2 = 0, and 

(n, n), (n, n) 



{a,b) 



ifj2/0, 

(n,n), (n - l,n) ifj2 = 0, 



(5.13) 



n ■ 



-]3 



n-l n—1 n—1 



n-2 n-2 n-2 
n—1 n—1 n—1 



n—1 n—1 n—1 



n-2 



-J4 



n—2 n—2 n—2 



n—1 n 



n—2 n—2 n—2 



n-2 



-J5 



71 



n—2 n—2 n—2 



n—2 n—2 n—2 

n—1 n—1 n—1 

n—2 n—2 n—2 



n—1 n—1 n—1 



31 



32 ■ 



" J3 



n—1 n—1 n—1 



' 3i 



where > 0, js = if j4 = 0, and 
(a,&) = 



{n,n),{n,n), if j4 / 0, 

(n,n - 1), (n,n), if j4 = 0, 
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Figure 9. The odd Il-region corresponding to the rule 
dsn]) for {a,b) = {7i,n),ji,j5^0. 



and 



■ J2- 



- H- 



Jl ■ 



n—1 n—1 n~l 



n—2 n—2 n—1 

n—1 n—1 n—1 



n-2 



n—1 n—1 n—1 



n—1 n—1 



n—1 n—1 n—1 n—2 n—2 n—2 n—2 



n—1 n—1 n—1 



n—1 n—1 n—1 
n—2 n—2 n—2 



n—1 n—1 n—1 

k — : 



■ J2 



-J4 



(5.14) 

where jj > and (a, 6) = (n,n) or (n, n). 

The odd Il-regions (|5.12p . (|5.13p . and (|5.14p include three (resp. one) odd 
type 1 LU-configurations if (o, 6) = (n, n), ji + > !> and ^4 + 75 > 1 are 
satisfied (resp. otherwise). 

As mentioned in the introduction, though these rules look rather compli- 
cated, they are more easily recognizable in the path picture. For example, 
the rule (15.14p for (a, 6) = (ra,n), ji, 7^ corresponds to the odd IFregion 
in Figure m 



6. Construction of 4> and proof of Proposition 15.11 

In this section, we construct the folding map : P2{\/ ^) P(A//i) 
in Proposition 15. H which is a key to derive the tableaux description (see 
Theorem 15. 6p . 

6.1. fe-expansion and /c-folding. To define (j), we introduce the k-expansion 
and the k- folding, which are generalizations of the the expansion and the 
folding in Section [4. 11 The original corresponds to A; = 1. We also generalize 
related notions. 

Definition 6.1. Let (a; /?) G W(A/^). For any unit U C S±, let ±r = ht(U) 
and let a and a' = a + 1 be the horizontal positions of the left and the right 
vertices of U. Then, for any A; = 1, — 1, 

(1) U is called a Ik-unit of (a;/3) if there exists some i {0 < i < I) such 
that 

a*(r) < a < a' < A+fc(r), if [/ C 5+, 
■ Oii-r) <a<a' < /?*^fc(-r), if f/ C 5_. 
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(2) U is called a Uk-unit of {a; (3) if there exists some i (0 < i < /) such 
that 

, , Pi+k{r) <a<a' <a*{r), ii U C S+, 

(6.2 

PUki-r) <a<a < ai{-r), if [/ C 5_. 

Here, we set Pi{r) = (3*{—r) = — oo for i > Z + 1 and aj(— r) = a*(r) = +oo 
for i < 0. Furthermore, a Ilfc-unit U of (a; (3) is called a boundary Il^-unit 
if (|6.2p holds for i = 0, z > / — A; + 1, or r = n. 

As in the k = 1 case, actually (16. ip does not hold for i = or i>l — k + 1. 
Also it does not hold for r = n if A//i satisfies the positivity condition. 
As Lemma 14.41 it is easy to see that 

Lemma 6.2. (1) U is a Ik-unit (resp. a Ilk-unit) if and only ifU* is a 
Ik-unit (resp. a Ilk-unit). 

(2) No unit is simultaneously a Ik- and Ilk' -unit for o-'^y k and k' such 
that k + l>k'. 

(3) If U is a Ik-unit and U' is a Ilk' -unit for any k > k' , then U and U' 
are not adjacent. 

(4) The set of all the Ik-units and that of all the llk+i-units are comple- 
mentary to each other in 5"+ U S- . 

We define i^ij. and Z^/i^. (resp. Uu^. andZ^n^.) for I^-units (resp. Ilfc-units) of 
(a; (5) and a connected component of and Z^n^. similarly as in the k = 1 
case. 

Definition 6.3. Let X/n be a skew diagram satisfying the positivity condi- 
tion dOD, and let (a;/3) G H{\/ix). 

(1) A connected component V ollii^ is called a Ik-region of (a;/3) if it 
contains at least one I^-unit of height 0. 

(2) A connected component V oiUu^ is called a Ilk-region of (a; (3) if it 
satisfies the following conditions: 

(i) V contains at least one I^-unit of height 0. 

(ii) V does not contain any boundary Ilfc-unit. 

As Proposition 14. 6^ we have 

Proposition 6.4. If V is a 1^- or Ilk-region of (a; (5), then V* = V . 

If [/ is a Ifc-unit of (a; /?), then it is also a I^z-unit (a; (3) for any 1 < k' < k, 
while if [/ is a Il^-unit of (a; /?), then it is also a Il^z-unit of (a; (3) for any 
k < k' < I — 1. Then, it follows that 

Lemma 6.5. (1) If V is a Ik-region and V' is a Ik' -region for k' > k, 
then V CV orVnV = 
(2) IfV is a Ilk-region and V' is a Ilk' -region for k' < k, then V' C V 
orVnV = 9. 
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For any (a; /3) E 7i{X/f-i), let V be any 1^- or Ilfc-region of {a;f3). Let 
be the lower path obtained from ai by replacing the part ai OV with 
Pi^k ^'^'i t^'i upper path obtained from f3i by replacing the 

part Pi n V with a*_^ n Set e^(a; ,9) := (a'l, ;/?(,... , Then, 
Proposition 14.71 is generalized as follows: 

Proposition 6.6. Let A//U be a skew diagram satisfying the positivity con- 
dition ()4.2p . Then, for any {a; (3) G 7i{X/fi), we have 

(1) For any Ik- orll^-region V of [a; (3), ey(a;/3) G 7i{X/fi). 

(2) If V is a Ik-region and V' C V is a l^-region of (a;/3) for r > k, 
then V' is a ll2k-r-i^egion of £y{a; (3). 

(3) If V is a Ilk-region and V C V is a ll^-region of (a; j3) for r < k, 
then V is a l2k-r-f^9ion of ey{a; j3) . 

Set (a'; /?') = ey{a] [3) for any 1^- or Il^-region V . The following equalities 
are useful: 



(6.3) 



/3*^j.(0), if PiJ^r intersects with V at hight 0, 
aj(0), otherwise, 

if oii-k intersects with V at height 0, 
/3j(0), otherwise. 



We call the correspondence {a; (3) i— > ey(a;/3) the k-expansion (resp. the 
k- folding) with respect to y, if y is a Ifc-region (resp. a Ilfc-region). As the 
k = 1 case, we have Sy o Sy = id for any V. 

Let (a;/3) G 7i{X/fj,). If /i := ai(0) — /3j+fc(0) is a non-positive number 
(resp. a positive number), then we call a pair {ai,f3i+k) a k-overlap (resp. a 
k-hole). Furthermore, if /i is an even number (resp. an odd number), then 
(aj,/3j+A;) is called even (resp. odd). 

For any I^-region V (resp. Ilfc-region V) of (a; /3) G Ti.{X/fi), let n(y) be 
the number of the even /c-overlaps (resp. the even /c-holes) which intersect 
with V at height 0. 

Definition 6.7. A Ik- or Il^-region V is called even (resp. odd) if n{V) is 
even (resp. odd). 

6.2. Outline of construction. In this subsection, we give the outline of the 
construction of the folding map (p whose existence is admitted in Section [5j 
Proofs of Propositions 16. 9fl6. 121 below will be given in the following sections. 

Let to be the minimal number that satisfies 2*° > I. For any t = 
1,2,..., tQ, we define 

Qt{X/ii) := {{a; (3) G Ti.{X/fi) \ {a; (3) satisfies Conditions {l)t-{6)t}, 

Qt{X/fi) := {{a; (3) G 7i{X/fi) \ {a; f3) satisfies Conditions (l)t-(7)t}, 

where Conditions (l)(-(7)( are given as follows: 
{l)t ai(0) < A(0) for any i = 1,...,/. 
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Figure 10. An example of s{ai), s{f3i), m(aj), and m{f5i) 
in the condition (6)t of Qt{X/fJ-) for t = 1. 



{2)t {a; 13) does not contain any odd Ili-region. 

(3) t (a; /3) does not contain any odd l2t_i-region. 

(4) f (a; /3) does not contain any 2*-overlap. 

(5) f If t > 2, then contains at least one 2*~^-overlap. 

(6) f s(aj) = mt{ai) and s(/3j) = mt{(3i), where 

s(ai) :=ai(0)-/?i(0)+i-l, 

:=A(0)-/3i(0)+i-l, 

mt(Q;i) :=#{j | j < (oj, /3j+2t-i) is an even (2* - l)-overlap} 

+ #{j I J < ^1 (o^ii/^i+i) is an even 1-hole}, 

miPi) :=#{i \ j <i, (aj-2t+i)/^i) is an even (2* - l)-overlap} 

+ #{j I J !^ ^) (o^j-ii/^j) is an even 1-hole}. 

Here and the rest part of this section, = denotes the congruence 
modulo 2. See Figure [TOl 
{7)t (a;/?) has at least one even (2* — l)-overlap (Then, it has at least 
two, because of Condition (3)j). 

Remark 6.8. If i = to, then Conditions {3)t and (4)t are void. Also, 
Qt^iX/n) = 0, because (7)t is not satisfied for any (q;/3) € Ti.{X/fj,). 

Now, the folding map : P2{X/fJ.) — > P{X/fi) is constructed as follows: 
For any p € P2(A//x) or any p G P{X/fj,), one can associate 7r(p) := (q; /?) G 
7i{X/fi) by removing all the E-steps from p. Then, we have 
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Proposition 6.9. The map vr gives a bijection P2{X/fi) Qi(A//i). 
The following claim is the main part of the construction of (p: 

Proposition 6.10. There exists a bijection ipt ■ Qt{X/^) — > Qt+i{X/ for 
any t = 1, . . . , to — 1- 

The map ipt is defined by using the 2*-folding. See (|6.8p . Applying the bi- 
jections 992, • • • repeatedly, we obtain a bijection : Qi{X/ fi) ^ R(X/fj.), 
where 

to 

(6.4) i?(A//i) := □ [QtiX/li) - QtiX/fi)) . 

t=i 

Furthermore, we have 

Proposition 6.11. The map vr gives a bijection P{X/ ^) — > R{X/ 

Thanks to Propositions 16.9^6.11^ we now have a bijection cj) by the com- 
mutative diagram, 

P2(A//.) P(A/^) 

(6.5) T T 

Qi{X/ii) > R{X/fx). 

Then, Proposition 15.11 follows from 
Proposition 6.12. The map (p is weight-preserving. 

6.3. Proof of Proposition [6791 We use the following lemma which imme- 
diately follows by the definition of s{ai) and s(/?j): 

Lemma 6.13. For any i = 1, . . . ,1, 

(1) aj(0) — /3j(0) is even if and only if s{ai) — i = s{(3j) — j. 

(2) ai(0) — aj(0) is even if and only if s[ai) — i = s{aj) — j. 

(3) (iiifi) — (3j{0) is even if and only if s{(3i) — i = s{(3j) — j. 

First, we prove that 

(6.6) vr(P2(A/M)) C Qi{X/fi). 

Let p £ P2{X/fi) and set (a; (3) = it{p). It holds for any i = 1, . . . ,1 that 

(6.7) #{i I a,(0) < pj{0)} > i. 

Therefore, (l)j (for t = 1) is satisfied. By Condition ([n]) of P2{X/fj,), (2)j 
and (3)t are satisfied, and by Condition (4)^ is satisfied. 

We prove Condition (6)t for (3i by induction with respect to i. The proof 
for is similar. For i = 1, we have s{(3i) = mi(/3i) = 0. Assume s(/3j„i) = 
mi(/?j_i). The following four cases should be considered: 

(a) (aj_i,/3j) is an even 1-hole, and (aj_2,/3j-i) is an even 1-overlap. 

(b) (aj_i,/3j) is an even 1-hole, and (ai_2,/9i-i) is not an even 1-overlap. 
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(c) {oi-i, f3i) is not an even 1-hole, and (aj_2,/3i-i) is an even 1-overlap. 

(d) (oi-i, f3i) is not an even 1-hole, and (ai_2, A-i) is not an even 1-overlap. 

By the definition of mi(/3j), we have mi{(5i) = mi(/3j„i)+2 for (|aj), mi(/3j_i)+ 
1 for (jb]) and (jcj), and mi(/3j„i) for ([d]). On the other hand, by Condition 
di]) of P2{X/fj.), we have 

Lemma 6.14. aj_i(0) — /3i_i(0) is odd if and only if one and the only one 
o/ (aj_2, and {ai-i,(5i) is an even overlap. 

By Lemma 16.141 

Pm - A-i(O) = (A(0) - a._i(0)) + (ai_i(0) - ft-i(O)) 

is odd for (jaj) and ([d]), and even for (jb)) and (|cj). By the assumption of 
induction and Lemma 16.131 ([3|). we obtain s{Pi) = mi[f3i) in each case. 

Next, we define the inverse map vr"^ : Qi(X/fi) — > P2{X/fi). For any 
(q;/3) G Qi{X/fi), set p := 7r~^(a;/3) as follows: Let pi := [ai,/3j] denote the 
path defined by Oj, (3j and the consecutive E-steps from ai{0) to f3j{0). 

Step 1. First, for any i such that (ai,/9i+i) is an even 1-overlap, set pi = 
(see pi, p^, pe, and pi in Figure [TOl for examples). Let Ai 
(resp. A2) be the set of all i such that ctj (resp. Pi) do not form even 
1-overlaps. 

Step 2. Next, for any i S Ai n A2 such that h := ai{0) — Pi{0) is even (and 
non-positive by (l)j), set pi = [oi, Pi] (see ps and p4 in Figure [TOl 
for examples). Let A'^ C Ai (resp. Ag C A2) be the set of all i such 
that h are not even. 

Step 3. Finally, for any i G A^ n A2, there exists some A: > such that h' := 
aj(0) — /3i_fc(0) < 0, by ()6.7p and the previous steps. Let /c be the 
minimum of such numbers. Since (ai-k' ^ Pi-k'+i) for all I < k' < k 
is an even 1-overlap, we have mi(ai) = mt{Pi-k) + k. Then, by 
Condition (6)t, h' is even by Lemma [6.131 ([T|). Set = [aj,/3j_fc] 
(see p2 and ps in Figure [10] for examples) . 

Next, we prove that p satisfies Condition (ji]) of P2{X/fi). Namely, for any 
intersecting pair {pi,Pj) {i < j), we prove that aj(0) — aj(0) is odd. The 
following two cases should be considered (see Figure [lOl the other cases do 
not occur by Condition (4)j): 

(A) The case where pi is defined in Step [7] and pj is defined in Step [3 In 
this case, all pk {i < k < j) are defined in Step [U by the definition of 
Pj. Therefore, {ak,Pk+i) for any i < A; < j is an even 1-overlap, and 
we have mi{aj) = mi(aj) + j — i — 1. Thus, ai(0) — aj(0) is odd by 
Condition (6)j and Lemma [6. 131 ({2]). 

(B) The case where {pi,Pj) is a pair of paths defined in Steps\M and\M Li 
this case, pj = [aj,Pi+i] and (Qj,/3j+i) is a 1-overlap (otherwise, it 
contradicts to (4)t). Moreover, (ai,/3j+i) is odd (otherwise, pi should 
be [ai,/3i+i]). Since aj(0) — /3j+i(0) is even by pj, we obtain that 0^(0) — 
aj{0) is odd. 
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Finally, the facts that p satisfies Condition of P2{X/fJ,) and vr"^ is the 
inverse of tt are obvious by construction. 

6.4. Proof of Proposition [6III1 Set 

moo{oii) = mooiPi) := #{j \ j <i and (aj_i,/3j) is an even 1-hole}. 
Then 

Lemma 6.15. Let t = l,...,to. For any {a; f3) £ 7i{\/iJ,), {a; (3) G 
Qt{\/ ^j)\Qt{X/ n) if and only if {a; f3) satisfies conditions {l)t, {2)t, (4)f, 
{5)t and the following condition: 
{6)[ s{ai) = s{(3i) = ruooiai) = moo(A)- 

Proof (^) If (a; 13) G Qt{X/ is)\QtiX/ fi), then 

mt{ai) = mtiPi) = moo(aj) = moo(/3j), 

and we obtain (6) J. 

(<^) We show that (a; 13) does not have any even (2* — l)-overlap. If a pair 
(aj, /9i_l_2'-i) is an even (2* — l)-overlap, then s{ai) ^ s(/3j_|_2t-i) by Lemma 
16.131 p!]). On the other hand, there does not exist any 1-hole between Oi and 
/3i_i_2t-i, which implies moo(ai) = moo(A+2*-i)5 ^-^d it contradicts to (6)J. 
Therefore, {7)t is satisfied, and moreover, we also have rUooiai) = mt{ai) 
and niooiPi) = mt{Pi). Thus, {Q)t is satisfied. Finally, (3)( is satisfied 
because every l2t_i-region V of (a; /?) satisfies n{V) = by the definition of 
n{V). □ 

By Lemma 16.151 the set R{\/ ^) in (j6.4p is described as follows: 

R{\/li) = {(a;/3) G W(A/^) | (a; ;3) satisfies (l)t, (2)* and (6);}. 

Next, we prove 7r(P(A/^)) C R{X/fj,). Conditions (1)^ and (2)^ are sat- 
isfied, similarly as in the proof of (|6.6p . We prove (6) J. Since pi = [ai,Pi], 
ai{0) — Pi{0) is even. Thus, s{ai) = s{(3i) by Lemma [6.131 ([T]). We prove 
s{ai) = mcx){oii) by induction with respect to i. The proof for s{ai) = 
n^ooi(3i) is similar. For i = 1, we have = moo(ai) = 0, and we obtain 

s{ai) = s{f3i) = moo(ai)- Assume s(aj_i) = moo(aj-i). Then the following 
two cases should be considered: 

(a) (aj_i,/3j) is an even 1-hole. 

(b) {ai-i,(3i) is not an even 1-hole. 

By the definition, moo(ai) = moo(aj-i) + 1 for Q and moo(aj-i) for 
On the other hand, we have s(/3i) ^ s(aj_i) for (jaj), and s(/3j) = s(ai_i) for 
(fb|). Therefore, we obtain s(ai) = = ""^00(01) in each case. 

Finally, we define the inverse map ir^^ : R{X/fi) — > P{X/fi) by p := 
7r~^{a; (3), pi := [ai,Pi\ {i = 1, . . . ,1) for any (a; (3) G R{X/ fi). The path pi 
is well defined, because of {6)[ and Lemma r6.13l (fT]). If is ordinarily 

intersecting, then we have s{ai) ^ s(aj+i) by Lemma [6.13l (f2]) and ?Tioo(ai) = 
moo(ai+i), which contradicts to (6)J. Therefore, p satisfies Condition ^ of 
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P{X/fi). The facts that p satisfies Condition ([n]) of P{X/n) and vr ^ is the 
inverse of tt are obvious. 

6.5. Definition of ipt. Here, we give the definition of the map (ft in Propo- 
sition [6]T0l Fix k = 2,..., I. Suppose that {a; (3) G Ti.{X/fi) has an even 
number 2m of even {k - l)-overlaps {oi^ , f^i^^+k-i) , {ai2„,, Pi2„,+k-i) 
{h < ■■■ < i2m)- We say (a,^ , /3j^+fc_i) (1 < j < 2m) is of R-type if j is odd, 
and of L-type if j is even. Let (aj, and (aj/, /3j'+fc_i) be a nearest 
pair of even (fc — l)-overlaps with i = ij, i' = ij+i- Then, we say the height 
units U C S+ between and a* and their duals U* C S- are of 
LR-type if j is odd, and of RL-type otherwise. Remark that any height 
Ilfc-unit is either of LR-type or RL-type. 

The next lemma is the key for the definition and the bijectivity of (pt- 

Lemma 6.16. (ct;/?) G 7i{X/fi) does not have any odd l^-i-region if and 
only if the following conditions are satisfied: 
(i) {a; f3) has an even number of even (k — l)-overlaps. 
(a) No connected component ofUn^. of (a; (3) contains height Ilk-units of 

both LR- and RL-type, simultaneously. 
(Hi) Any connected component of liu^^ of [a] (3) which contains a height 
Ilk-unit of LR-type is a Ilk-region. 

The proofs of the lemma requires some graph-theoretical consideration, 
and it is given in Appendix lAl 

Now, let (a; /3) G Qt(X/n) and let F be a Il2t-region of (a; /3). Since (a; (3) 
does not have any odd l2t_i-region by (3)f, one of the following is satisfied 
by Lemma 16.161 with /c = 2*: 

(a) All the height units in V are of LR-type. 

(b) All the height units in V are of RL-type. 

If dlj) is satisfied, we say V is of LR-type. See Figure [TT] for an example. We 
define the map ipt in Proposition 16 . 10] by (the composition of) the 2^ -foldings 
with respect to all the ll2t -regions Vi, . . . , Vp of LR-type of (a; /3), i.e., 

(6.8) ipt:{a;(3)^e^y^o...oe^y^ia-f3). 

6.6. Proof of Proposition I6.10L To begin with, we give two lemmas. 

Lemma 6.17. Let {a; (3) G Qt{X/ii) and W = ViU ■■ -UVp forVi's in (fHIH]) . 
Then, 

(1) Ui intersects with W at height if and only if 

if{j \ j o-nd (oj, /3j_|_2t_i) is an even (2* — l)-overlap} 
is odd. 

(2) Pi intersects with W at height if and only if 

\ 3 < i o.nd (Qj_2t+i, is an even (2* — l)-overlap} 
is odd. 




as Oir OiQ as o-i 




ag a'-j a'g a'g a'^ ag 



Figure 11. An example of {a; (3) G Qt{^/fi), its l2*_i- 
regions Fi, V3 and Il2t -regions V2, V4, V5, and the map 99^ 
for t = 1. The even (2* — l)-overlaps (ai, /32) and (as, /^e) are 
of R-type, {03, (3i) and (07, /38) are of L-type, and V2 and V5 
are 112* -regions of LR-type. 

Proof. We prove it for ([T|). Let ?7 C be a height unit which intersects 
with ai. Since U is of LR-type, and the number of the even (2* — l)-overlaps 
(ttj, /3j+2*-i) to the right of U is odd. 

Conversely, suppose the above number is odd. Then, the unit U whose 
right vertex intersects with is of LR-type. Moreover, [/ is a Il2t-unit 
because /3j+2*(0) < ai(0) — 2, by Conditions (4)^ and (6)t. Then, U is 
included in W by Lemma |6. 151 therefore, intersects with W. □ 

Lemma 6.18. Let V be a l\-region of (a;/?) G 7i{X/fi) and (a';/3') = 
ey{a;(3). Then, 

(1) For any r = 1, . . . , fc, both and Pi+r intersect with V at height 
and ai{0) > /3j+r.(0) + 2 if and only if both a'-^^_^. and f3'-_^j^ intersect 
with V at height and a'-j^^_f,{0) < P^^f^{0). 
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(2) Suppose that (a;/3) does not have any odd l2k-i-fegion. Then, V' 
is an odd lli-region of {a; (3) if and only ifV is an odd IIi- or odd 
hk-i-region of {a';f3'). 

Proof. ([H) It is obtained by P If V is an odd Ili-region of {a; (3), 

then by Lemma 16.51 V C V or V' CiV = In the former case, V is a 
l2fc_i-region of (a';/3') by Proposition 16.61 ([3j) . In the latter case, V' is also 
a Ill-region of («';/?'). The converse is similar. □ 

Now, let us prove (pt : Qt{X/fJ.) — > Qt+i{X/fi) is a bijection. First, we 
prove ipt{Qt{>^/ fJ-)) C Qt+i{X/ti). Set (a';/?') = ^pt{a;[3). Let Vi, ...,Vp be 
the set of all the Il2t-regions of LR-type of (a; and set = Vi U • • • U 1^. 
We remark that Vi is a l2t-region of (a'; /?') by Proposition 16.61 

• By the definition of the A;-folding and Condition (l)^ of (a; /?), we 
have a^(0) < a,(0) < A(0) < /3,'(0). 

• (2)(+i and (3)t+i. This is obtained by Conditions (2)^ and (4)^ of (a;/?) 
and Lemma Ell] (12]). 

• (4)i+i. Suppose that (a^, /3j'_,_2t+i) is a 2*+^-overlap of (a';/5'). Since 
(oi, /3j-l_2«+i) is not a 2*"''^-overlap by (4)^, a[ and /3j'_,_2t+i should intersect 
with W at height (otherwise, (ai, /3i+2*+i) = (a^i /3j'4.2'+i))- (!6.3p . we 
have a-(0) = /3*4.2t(0) and /3-_^2t+i(0) = «*+2'(0)) and therefore, A+2'(0) < 
CKi+2'(0) ~ 2, which contradicts to Condition (1)^ of (a;/3). 

• (5)f+i. Since (a;/3) satisfies (7)t, there exists an even (2* — l)-overlap 
(aj, /9j_i_2t-i). By Condition (4)t, (aj_i, /3j_|_2t_i) is not a 2*-overlap. If 
aj_i(0) = /3j+2*-i(0) + l, thenmt(aj_i) = mt(/3j+2'-i), therefore, aj_i(0) = 
/3j+2t-i(0) by Condition (6)(, which is a contradiction. Thus, aj_i(0) > 
/3j4.2t-i(0)+2, and a^-i and /3i+2*-i intersect with W at height 0. Therefore, 
by Lemma [6718] ([I]), we have a-_i(0) < /3-+2*-i(^)' namely, (a-_i, /3-_^2'-i) 
is a 2*-overlap. 

• (6)t+i. We prove s(a-) = mt(a^) (the proof for s(/3j') = mt{l3^) is similar). 
Case i. If Ui does not intersect with W at height 0, which implies a^(0) = 

aj(0), then s(a-) = s(aj). On the other hand, we have 
(6.9) 

mt+i{a'i)-mt{ai) = | j < i, (a^, /3j+2t-i) is an even (2* - l)-overlap}, 

by Lemma 16.181 (fTI) and Condition (4)^ of (a;/3). Moreover, the right-hand 
side of ()6.9p is even by Lemma [6.171 ([I]). By Condition (6)( of (a;/?), we 
obtain mt+i{a[) = mt{ai) = s{ai) = s{a[). 

Case 2. If Ui intersects with W at height 0, which implies that a^(0) = 
/3*^2t(0)i then s{a'j) = s(/9j_|_2t) + 1. On the other hand, we have 
(6.10) ^ 

mf+i(a-)-mt(/3j+20 = \ j < i, (aj_2'+i' /^i) is an even (2* - l)-overlap}, 

by Lemma [6.181 ([T]) and Condition (4)^ of (a;/3). Moreover, the right-hand 
side of (16. 9p is odd by Lemma [6.171 ([I]). By Condition (6)^ of {a; (3), we 
obtain mt+i{a'^ ^ rnt{(3i+2t) = s(/3i+20 ^ s(a-). 
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Next, let us define the inverse map 

as follows: For any (a';/3') G Qt+i(A/^), set 

: (a'; /?') ^ (a; /3) := 4^ o • • • o ^ (a'; /?'), 

where Vi, . . . ,Vp are the set of all the l2t-regions of (a'; (3'). By (5)(+i, we 
have p>l. Set W = ViU ■ ■ - UVp. We prove that (a; /?) e Qt{\/ij). 

• {\)t. By (j6.3p wherein (ai), {a[) and (/3j), (/?■) are interchanged, ai(0) = 
/5'i+2*(0) ora^(O), and/3i(0) = a'-_2t (0) or /3^'(0). Only the case (ai(0), /3i(0)) = 
(/9'*+2'(0),a'*-2t(0)) is nontrivial. By (4)t+i, we have a-_2t(0) > /3-_^2'(0)- 
Then, we have a-_2i (0) < /5i+2« (0) ^'^^ same argument in the proof of 
(5)t+i of Lpt{a;f3). 

• (2)f. This is because of Lemma 16.181 ([2]) and the Conditions {2)t+i and 
(3)^+1 of («';/?'). 

• (4)(. Suppose that (a;/3) has a 2*-overlap (oi, A+20- By Proposition 16.61 
([2|), Vi, . . . , are Il2t-regions of (a; and therefore, and /3j_|_2t do not 
intersect with W at height by Lemma W?2\ ([3]). Then, (a^, /3-_,_2t) is also 
a 2*-overlap because a^(0) = ai(0) and /?-^2*(0) = A+2*(0), which implies 
that there exists a height l2t-unit U (^W oi (a'; /?) between a[ and /3j'_,_2t) 
and then contradicts to the definition of W . 

• (3)f and {7)t- This is the most non-trivial part of the proof of Proposition 
16.101 We prove that Conditions (fi|)- (|nH) in Lemma 16.161 (for k = 2*) are 
satisfied. 

Let us study when a pair (aj, /3j_|_2t_i) is an even (2* — l)-overlap. There 
are four cases lAtiDl to be considered. We prove that (oj, /3j_|_2t_i) is even 
only in Cases [A] and [Bl 

A. The case where ai does not intersect with W at height and (3i^2t_i 
intersects with W at height 0. In this case, we have /3*^2t-i(0) — '^i-ii^) 
and Q:j(0) = Oi[{0), and then (a^, /9j_|_2t_i) is a (2* — l)-overlap. We also 
have mt+i{a'j) = mt+i{a^_i). This is because {a[_i, (3^) is not an even 
1-hole, and (a^, /3j'^_2t+i_i) is not an (even) (2*"*"^ — l)-overlap (otherwise, 
(a-, /3j'_i_2t) is also a 2*-overlap, and Oi intersects with W at height 0, 
which contradicts to the assumption). Therefore, s{a'j) = s{a'^_i), i.e., 
a^(0) ^ a'-_^{0). So, (aj, /3j_|_2'-i) is an even (2* — l)-overlap. 

B. The case where a, intersects with W at height and /3j^2*-i does not in- 
tersect with W at height 0. As in CasefAj one can show that (oj, /9j_|_2t_i) 
is an even (2* — l)-overlap. 

C. The case where both Ui and /3i+2*-i intersect with W at height 0. In this 
case, we have /3*^2'-i(0) = «i (0) = /5-+2t(0)> and (a-_i, /3^'_^2'-i)' 
(a • , /3j'_i_2t ) are 2*-overlaps. If (a,, /3i+2'-i) is a (2* — l)-overlap, then there 
does not exist any path at height between /9j'_|_2t(0) and a^_^(0). We 
have mt+i(a-„;^) = mt+i{l3[^^t) ■, therefore, s{a[_{) = s{f3'._^_^t), namely, 
(Q;i,/3j+2'-i) is odd. 
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D. The case where both Ui and /3j_|_2*_i do not intersect with W at height 
0. In this case, we have ai(0) = a[{Q) and /3j'^2t-i('-*) ~ A+2*~i(0)- If 
(oj, /3j+2*-i) is a (2* — l)-overlap, then there does not exist any path at 
height between a[ and /3j'^2t-i because of the assumption. Then we 
have mt+i{f5[^^t_i) = mt+i{a'^), therefore, (oj, /3j+2*-i) is odd. 

To summarize, the even (2* — l)-overlaps of L-type (resp. R-type) of (a; (5) 
are the ones in Case [A] (resp. Case|B|); furthermore, the number of the even 
(2* — l)-overlaps of (a;/?) is even, and a height Il2t-unit U of (a;/3) is of 
LR-type if and only \iU C W . Also, is a union of Il2t-regions of (a; (3) by 
Proposition 16.61 (pj). Thus, Conditions (fi|)- (jiii|) in Lemma 16.161 (for k = 2*) 
are satisfied. 

• (5)t. If (a,, /5j_|_2t_i) is an overlap, then (oi, /3i+2'-i ) is also an overlap, 
and therefore, (5)t holds. 

• (6)t. We prove s{ai) = mt{ai). 

1. The case where ai does not intersect with W at height 0. This is the cases 
El and Id] in the proof of (3)f. By aj(0) = a^(0), we have s{ai) = s{a[). 
Since every even (2*"*"^ — l)-overlap of (q'; /?') intersects with W at height 
0, we have (ai,/3i+i) is an even 1-hole by Lemma [6.181 (fTI). Therefore, 

(6.11) 

mt{ai) - mt+i(a-) = #{j | j < i, (a^, /3j+2t-i) is an even (2* - l)-overlap}. 

From the proof of (3)t, the right-hand side of (16.1ip is even. Thus, 
mt{ai) = s{ai). 

2. The case where ai intersects with W at height 0. This is the cases [B] and 
Oin the proof of (3)t. By a*(0) = /3-+2t(0) and /3i(0) = /?i(0), we have 
s{ai) ^ s{(3'^_^2t)- ^s in the former case, we have 

(6.12) 

mt{ai)-mt+i{l3[j^2^) = #{j \ j <i, (a^, /3j+2i_i) is an even (2* - l)-overlap}, 

and the right-hand side of (|6.12p is odd. Thus, mt{ai) ^ mt+i{l3'-^2tX 
which implies mt{ai) = s{ai). 

Finally, the fact that vr"^ is the inverse of vr is obvious by construction. 

6.7. Proof of Proposition [67121 Finally, we show that is weight-preserving 
and then complete the proof of Proposition 15.11 

For p G P2{X/n) and p' = 4>{p) G P{X/n), we shall show that Za = Za ■ 
Let (a; /?) G Qi{X/fj,) and (a';/?') G R{X/fj,) be the corresponding ones 
to p and p' under the identification vr. We decompose the monomial Za in 
()3.4p into two parts as Za = HE, where H is the factor coming from the 
lower and upper paths (a; /?) for p, and E is the one from the height parts 

(E-steps) of p. We do the same for Za as Za = H'E' . 

By a similar argument for the proof of Proposition 14.121 one obtains that 



(6.13) 



H' = H6~^, 
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where 

i=l Vfc=a^(0) fc=ft(0) 
i=lfc=/3i(0) 

Therefore, it is enough to show that 
(6.15) E' = E5. 

To see it, we notice two facts following from (j6.14p . and the definitions of 
E, E', and </>: 

Fact 1. Both E' and E6 are products of the factors Zn^a-2kZn,a-2k+2 with 
k£Z. 

Fact 2. For each G Z, the total degree of Zn^a-2k and Zn,a~2k for E' and 
the one for E6 are equal. 

Now, the equality (j6.15p easily follows from these facts. 

Appendix A. Proof of Lemma [6.161 

In this section, we prove Lemma [6.161 To do so, we use a lemma (Lemma 
IA.3P for a certain graph. 

Let C be the upper half plane. A graph T consists of a set V{T) of 
vertices on the boundary of denoted by x , and a set ^(F) of arcs in H 
which satisfies the following conditions: 

(i) An arc in ^(F) connects two vertices in V{r). 

(ii) In each side of a vertex u , the number of the vertices which are con- 
nected with V is at most one. 

(iii) The arcs are nonintersecting with each other at H\V{T). 

The vertices are labeled as L, R, L, R, ... from left to right. The following 
is an example of a graph: 




(A.l) LRLRLRLRLR. LRLR 

Let u, v' E ViV). If V and v' are connected by an arc in A(F), then we write 
V ^ v' . Then ^ generates an equivalence relation ~ in V^(F). We call each 
equivalence class S of V{T) a segment of F. We say that a segment S is even 
(resp. odd) if the number of vertices |5| is even (resp. odd). 

Let S and S' be segments of F, and let vi and V2 be the leftmost and the 
rightmost vertices in S. If all the vertices v £ S are between vi and V2, then 
we say that S' is inside S. Let us write 5" < S" if «S" is inside S. 

Lemma A.l. A graph F does not have any odd segment if and only if each 
segment SofT satisfies one of the following conditions: 
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(1) The leftmost vertex is L and the rightmost vertex is R. 

(2) The leftmost vertex is R and the rightmost vertex is L. 

Proof. (=^>) Let S be an even segment of F and let vi and V2 be its leftmost 
and the rightmost vertices. We can show, by induction with respect to <l, 
that the number h{S) of the vertices between vi and V2 is even, which implies 
that S satisfies (P) or ([2]). 

(<^) If r has an odd segment, then there exists an odd segment 5 which 
does not have any odd segment inside. Since the number h{S) is odd, S 
satisfies neither ([T]) nor ([2]). □ 

For any graph F, we define the dual graph F* = {V {T*), A(T*)) as follows: 
Let y(F*) be the set of all the vertices o which are placed between each 
nearest pair of vertices in V^(F), and the vertex 'oo' which is on the right 
to the rightmost vertex of F. Let j4(F*) be the set of all the dotted arcs 
which connects each nearest pair of vertices in ViV*) without intersecting 
with the arcs in A{T*). For example, the dual graph F* of F in (jA.ip is 
given as follows: 



A segment S* of F* is similarly defined as that of F. We say the vertices of 
F* between L and R (resp. R and L) is of LR-type (resp. of RL-type). 

Definition A. 2. Let 5* be a segment of F*. Then, 

(1) We say that S* is mixed if it contains vertices of both LR-type and 
RL-type simultaneously, and unmixed otherwise. We say an unmixed 
segment S* is LR-type (resp. RL-type) if it consists of vertices of LR- 
type (resp. RL-type) (also, oo may be included). 

(2) We say that S* is bounded if it does not contain oo. 

Lemma A. 3. A graph F does not have any odd segment if and only if the 
following conditions are satisfied: 

(i) \V{T)\ is even, 
(a) F* is unmixed. 

(Hi) Any segment of LR-type ofV* is hounded. 

Proof. (^) ([n]) If there exists a mixed segment of F*, then one of the fol- 
lowing occurs, which contradicts to Lemma lA.lt 






L 



R 



L 



R 



L 



R 



L 



R 



L 



R 



L 



R 



L 



R 



If there exits an unmixed segment of LR-type which is not bounded, 
then there exists an LR-type vertex w G V{V*) which belongs to the same 
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segment with oo. 



L R R 



The number of ah the vertices to the left of w is odd, which means that 
there exists an odd segment of T to the left of w. 

(<^) If there exists an odd segment in F, then there exists a segment S of 
r that satisfies one of the following conditions, by Lemma lA.ll 

(1) Both the leftmost and the rightmost vertices of S are L. 

(2) Both the leftmost and the rightmost vertices of S are R. 

For example, suppose that S satisfies ([T]), and let v G ViJ"*) be the one 
right-next to S. Then, one of the following occurs (by (ji])): 

R L R L R L R L R L R L R 

Namely, if there exists an RL-type vertex v' G V{T*) left-next to S, then v 
and v' belongs to the same segment of T*, otherwise, v belongs to the same 
segment with the vertex oo. The ([2]) case is similar. □ 

Now, let us prove Lemma [6. 161 With any {a; (3) £ H(A//_f), we associate 
a graph T as follows: Each vertex of F naturally corresponds to each even 
(k — l)-overlaps of {a; (3). An arc of F connects a nearest pair of even 
(k — l)-overlaps (under the above correspondence) belonging to the same 
Ijt_i-region. Then, an odd segment of F corresponds to an odd ly^^i-region 
of {a;f3). Furthermore, Conditions (ji]), (jn]), and (jinl) of Lemma IA.3I are 
equivalent to the ones of Lemma 16.161 due to the complementarity of the 
/fc-i- and the Ilfc-units (Lemma l6.2l ([4|l). This completes the proof of Lemma 
[6361 
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